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【Abstract】 Theinfluenceoftemperatureonthegroundstateenergyandgroundstatebindingenergyofpolaronina
parabolicquantumwellisstudiedbyusingthelinearcombinationoperatorandunitarytransformationmethods.The
expressionsofthegroundstateenergyandgroundstatebindingenergyofpolaronareobtainedbytheoretical
derivation.Combinedwiththeexpressionofmeannumberphononsinquantumstatisticalmechanics,thefunction
relationshipbetweenthegroundstateenergyandgroundstatebindingenergyofpolaronandtemperatureis
obtained.Whenthetemperaturetakesdifferentvalues,therelationshipbetweenthegroundstateenergyandthe
groundstatebindingenergywiththeelectron-phononcouplingstrengthandwellwidthisdiscussedrespectively.
Thedependenceofgroundstateenergyandgroundstatebindingenergyontemperatureisdiscussedwhenthewell
depthistakenatdifferentvalues.Thecalculationresultsshowthatboththegroundstateenergyandtheground
statebindingenergyofthepolaronareincreasingfunctionsoftemperature.
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温度对抛物量子阱中极化子能量的影响
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【摘要】 采用线性组合算符法和幺正变换法研究温度对抛物型量子阱中极化子基态能和基态结合能的影响.通过

理论推导得到极化子基态能和基态结合能的表达式.结合量子统计力学中平均声子数的表达式,得到极化子基态

能量和基态结合能与温度的函数关系.在不同温度下,分别讨论了极化子基态能量和基态结合能与电子-声子耦合

强度和阱宽的关系,阱深取不同值时讨论了极化子基态能和基态结合能随温度的变化规律.计算结果表明,极化子

的基态能量和基态结合能都是温度的递增函数.
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1 Introduction

Withthein-depthstudyofsemiconductorma-
terials,manyartificiallydesignedquantum wells
have been manufactured by molecular beam
epitaxy and metal-organic chemical vapor
deposition methods. And many interesting
physicalphenomenahavebeenfoundinquantum
wellstructures,whichhaveimportantvaluefor
the research and development of new
semiconductordevices.Quantumwelldevicesare
widelyusedinpeople'sdailylife.Inrecentyears,

theresearchonthepropertiesofsemiconductor
quantumwellshasbecomearesearchhotspotof
low-dimensionalsemiconductormaterials.Usinga
varietyofmethods,scholarshavemadeexperi-
mentalandtheoreticalresearchonthephysical
propertiesofquantumwellstructures[1-3].Forin-
stance,Weietal.[4]investigatedthevibration
magneticfieldoftheCoulombimpuritybound
magnetopolaron in the GaAs/Ga1-xAlxAs
quantum wellwithin MacDonald method.The
boundmagneticpolaronsindilutemagneticsemi-
conductorswereinvestigatedbyWolfetal.[5]ex-
perimentally.Shanetal.[6]studiedtheeffectofe-
lectricfieldonthepropertiesofstrongcoupling
magnetopolaron in triangular quantum wells.
Underdifferentelectricfields,therelationshipbe-
tweenthegroundstatebindingenergyofthepolar-
onandtheelectronphononcouplingstrength,

magneticfieldcyclotronfrequencyandelectron
surface density is obtained by numerical
calculation.Wangetal.[7]studiedtheepitaxial
growthoflargemismatchInGaAsmulti-quantum
wellonGaAssubstratesusingthesamemethod.
Duetotheexistenceoftheconfinementpotential,

thepropertiesofthepolaroninthequantumwell
aresignificantly differentfrom those ofthe
electron.Sincethe1990s,someresearchershave
alsodonealotofresearchonthepropertiesofpar-
abolicquantum wells,and have made many
researchachievements.Parabolicquantum wells

canbedividedintotwotypes,oneiscomponent
parabolicquantumwells,andtheotherisdoped
parabolicquantumwells[8].Inrecentyears,schol-
arshavestudiedthepropertiesoftwokindsofpar-
abolicquantumwell.SuchasZhangetal.[9]used
theviriationalmethodtocalculatethebindingen-
ergyofexcitonsofdifferentMncomponentsin
Cd1-xMnxTe/CdTeparabolicquantumwellunder
theeffectivemassapproximation.Thecalculation
resultscanprovideatheoreticalbasisforthe
designandmanufactureofsemiconductorparabolic
quantumwelllight-emittingdevices.Shan[10]in-
vestigatedtheRashbaeffectofthepolaroninthe
RbClparabolicquantumwell,andobtainedtheex-
pressionofpolarongroundstateenergythrough
theoreticalderivation.BecauseoftheRashbaspin
orbitinteraction,thegroundstateenergyofthe
polaronissplitintotwobranches.Saetal.[11]

studiedthehydrogen-likeimpurityenergylevelsin
infiniteparabolicquantumwellbyusingthevaria-
tionalmethod,andgavethefunctionalrelationship
ofenergywiththewellwidthandmagneticfield
strengthunderdifferentmagneticfields.Itcanbe
seenthattherehavebeenalotofresearchesonthe
propertiesofpolaronsinquantum wells,butso
far,fewpeoplehavestudiedthetemperatureeffect
ofpolaronsinquantumwells.Pingetal.[12]used
metal-organicchemicalvapordepositiontogrow
threeInGa/GaNquantumwellswithdifferentbar-
riertemperatures,andanalyzedtheconfinement
Starkeffectandcarrierlocalizationeffectofquan-
tumwellsatdifferentbarriertemperatures.Inthis
paper,theinfluenceoftemperatureontheground
stateenergyandgroundstatebindingenergyofpo-
laroninaparabolicquantum wellisstudiedby
usingtheunitarytransformationandlinearcombi-
nationoperatormethods.Whenthetemperature
takesdifferentvalues,therelationshipamongthe
groundstateenergyandgroundstatebinding
energywiththetemperatureisdiscussed,respec-
tively.Atthesametime,thedependenceof
groundstateenergyandgroundstatebinding
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energyontemperatureisdiscussedwhenthewell
depthistakenatdifferentvalues.

2 Theoreticalderivation

Thequantumwellgrowsalongthezdirection,
andtheelectroninteractswiththebulklongitudinal
opticalphononfield,thentheHamiltonianofthe
electron-phononsystemintheparabolicquantum
wellis

H =
p2//
2m +

p2z
2m+Vz  +∑

q
ћωLOa+

q⇀aq⇀ +

∑
q

Vqaq⇀expiq⇀·r⇀  +h.c.  . (1)

  Wheremistheeffectivebandmassofthee-
lectron,V z  istheparabolicpotentialenergy,
a+

q⇀ aq⇀  isthecreation(annihilation)operatorof
thebulklongitudinalopticalphononwiththewave
vectorq⇀andfrequencyωLO,r⇀=ρ⇀,z  istheposi-
tionvectoroftheelectron,and

V(z)=
V0

z
d  

2
, z ≤d

V0 ,z >d

􀮠

􀮢
􀮡

􀪁􀪁
􀪁􀪁 , (2)

Vq=i
ћωLO

q  ћ
2mωLO  

1
4 4πα

V  
1
2

. (3)

InEquations(2)and(3),V0istheparabolicpo-
tentialwelldepthwiththewidthwelld,V0isthe
semiconductorvolume,andV istheelectron-
phononcouplingstrength.
Introducingthelinearcombinationoperator

pj= mћλ
2  

1
2

bj+b+
j  , (4a)

rj=i ћ
2mλ  

1
2

bj-b+
j  . (4b)

  InEquation(4),j=x,y,λisvariationalpa-
rameter. Take the unitary transformation
operatoras

U=exp∑
q

fqa+
q⇀ -f*

qaq⇀  , (5)

wherefqandf*
q arevariationalparameters.The

unitarytransformedHamiltonianis

H'=
ћλ
4∑j b+

jb+
j +bjbj  +

ћλ
2∑j b+

jbj+1  +
p2z
2m+

∑
q
ћωLO a+

q⇀ +f*
q  aq⇀ +fq  +V0

z
d  

2

+

∑
q

Vq aq⇀ +fq   exp-
ћq2
4mλ  ·

exp- ћ
2mλ  

1
2

∑
j
b+

jqj
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 ·

exp
ћ
2mλ  

1
2

∑
j
bjqj

􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁

+h.c. (6)

  Thegroundstatetrialwavefunctionofthe
systemisselectedas

|Ψ0>=|φz>|0>a|0>b, (7a)

φz= 2βπ  
1
4

exp-βz2  . (7b)

Where|0>arepresentstheperturbedzerophonon
stateand|0>bisthevacuumstateoftheoperator,
whichsatisfiesbj|0>b=aq⇀|0>a=0.Wecalculate

Fλ,fq  =<ψ0|H'|ψ0>=
ћλ
2+

p2z
2m

+V0
z
d  

2

+∑
q
ћωLO fq

2

+∑
q

Vqfq+V*
qf*

q  exp-
ћq2
4mλ  . (8)

  Performing
􀆟F
􀆟fq

=0and
􀆟F
􀆟f*

q
=0,weget

f*
q =-

Vqexp-
ћ
4mλq

2  􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁

ћωLO
, (9a)

and

fq=-
V*

qexp-
ћ
4mλq

2  􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁

ћωLO
. (9b)

  Wesubstitutefqandf*
qintoEquation(8),

andreplacethesumwithanintegraltoget

Fλ,β'  =
ћλ
2+

ћ2β'
2m +

V0

4β'd2
-
ћα πλ
2 ωLO .

(10)
  PerformingthevariationofF(λ)withrespect
toλ,weobtain

ћ
2-

1
4αћ ωLOπλ-

1
2 =0. (11)

  Bysolvingequation(11),wegetthevibra-
tionalfrequencyλ0ofthepolaron.

Bysubstitutingλ0intoEq.(10),weobtain
thepolarongroundstateenergyE0.
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E0=
ћλ
2+

ћ2β'
2m +

V0

4β'd2
-
ћα πλωLO

2 .(12)

  IfEeandEpdenotetheenergiesoftheun-
coupledelectronandphonon,respectively,then
thegroundstatebindingenergyofthepolaronis
givenby

Eb=Ee+Ep -E0=ћα πλωLO -
V0

4β'd2
.

(13)

Where

Ee=
ћλ
2+

ћ2β'
2m
, (14)

and

Ep =
ћα πλ
2 ωLO. (15)

  Wesolvethemeannumberphonons,which
canbeexpressedas

N=<ψ0|U-1∑
q
a+

q⇀aq⇀U|ψ0>=
α
2

πλ
ωLO

.

(16)

  Atafinitetemperature,theelectron-phonon
systemwillnolongerbecompleteintheground
state.Thelatticevibrationnotonlyexcitesthe
realphonon,butalsoexcitestheelectron.The
propertiesofthepolaronaredeterminedbythe
statisticalaverageofthevariousstatesoftheelec-
tron-phononsystem.Inquantumstatistics,the
expressionofthemeannumberofphononis

N= exp
ћωLO

KBT  -1􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 -1

. (17)

  WhereKBistheBoltzmannconstant,andthe
valueis1.38×10-23J/K.Obviously,thevalueof
λinEq.(16)isrelatedtoN.CombiningEq.(16)

and(17),wecangettherelationshipbetweenE0,

EbandT.

3 Numericalcalculationandresultdiscussion

Fromtheexpressionsofthegroundstateen-
ergyandgroundstatebindingenergyofthepolar-
on,itcanbeseenthatthegroundstateenergyand
groundstatebindingenergyofthestrongcoupled
polaronarenotonlyrelatedtothewellwidthand

welldepth,butalso to the electron-phonon
couplingstrengthandvibrationfrequency.Inorder
tomoreclearlyshowtheinfluenceoftemperature
onthegroundstateenergyandgroundstate
bindingenergyofpolaroninaparabolicquantum
well,weperformnumericalcalculationsforthe
polarongroundstateenergyandgroundstatebind-
ingenergy,respectively.Thecalculationresults
areshowninFig.1to6.Tosimplifythecalcula-
tion,polaronunits(ћ=1,2m=1,ωLO=1)are
taken.

Fig.1 Therelationshipbetweenthegroundstate
energyE0andelectron-phononcouplingstrengthαat
differentvaluesoftemperatureT.

Fig.1showstherelationshipbetweenthe
groundstateenergyE0ofthestrongcoupledpolar-
onandtheelectron-phononcouplingstrengthαin
aparabolicquantumwellwhenthetemperatureT
takesdifferentvalues.Onecanseefromthefigure
thatthegroundstateenergyisa decreasing
functionoftheelectron-phononcouplingstrength.
Whentheelectronphononcouplingstrengthfora
fixedvalue,thehigherthetemperatureis,the
greaterthepolarongroundstateenergyis.With
theincreaseofelectron-phononcouplingstrength,

theelectron-phononinteractionisenhanced,and
more phonons interact with the electron.
However,in Eq.(10),the electron-phonon
couplingstrengthhasanegativeeffectonthe
groundstateenergy.Therefore,withtheincrease
ofelectron-phononcouplingstrength,theground
stateenergyofthepolaronincreases.Itisalso
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foundfromthefigurethattheinfluenceoftemper-
atureongroundstateenergydecreaseswiththein-
creaseofelectronphononcouplingstrength.

Fig.2 Therelationshipbetweenthegroundstateenergy
E0andwellwidthdatdifferentvaluesoftemperatureT.

WithdifferentvaluesoftemperatureT,Fig.2
describestherelationshipbetweenthegroundstate
energyE0ofthepolaronandthewellwidthd.It
canbeseenfromthefigurethatwhenthewell
widthd<1nm,thegroundstateenergyincreases
rapidlyasthewellwidthdecreases,andthetem-
peraturehaslittleinfluenceonthegroundstateen-
ergy.Beyondthisrange,withtheincreaseofthe
wellwidth,thegroundstateenergyslowlydecrea-
sesuntilitremainsunchanged.Thisindicatesthat
thequantumconfinementeffectisrelatedtothe
wellwidth,andthesmallerthewellwidthis,the
moresignificantthequantumconfinementeffect
is.Whenthewellwidthisfixed,thehigherthe
temperatureis,thegreaterthegroundstateenergy
ofthepolaronis,whichisconsistentwiththecon-
clusioninFig.1.Underdifferentwelldepths,

Fig.3illustratesthefunctionalrelationshipcurve
betweengroundstateenergyE0andtemperature
T.Wefindfromthefigurethatthegroundstate
energyisanincreasefunctionofthetemperature.
ThisconclusionisthesameastheFig.1andFig.
2.Wealsofindthatthegroundstateenergyofpo-
laronincreaseswiththeincreaseofwelldepth.
Theelectronphononinteractionisenhancedwith
theincreaseofthewelldepth,thatis,thelarger

the welldepthis,thegreatertheinteraction
energyis,resultinginthelargergroundstateener-
gyofthepolaron.

Fig.3 Therelationshipbetweenthegroundstateenergy
E0 andtemperature T atdifferentvalues of well
depthV0.

Fig.4describestherelationshipbetweenthe
groundstatebindingenergyEbofthestrongcou-
pledpolaronandtheelectron-phononcoupling
strengthα inthe parabolicquantum wellat
differenttemperaturesT.Itcanbeseenfromthe
figurethatthegroundstatebindingenergyisan
increasefunctionofthetemperatureandelectron-
phononcouplingstrength.Itisalsofoundthat
withtheincreaseoftheelectron-phononcoupling
strength,theinfluenceoftemperatureonthe
groundstateenergygraduallyincreases.Thiscon-
clusioniscontrarytoFig.1.Fordifferentvalues
oftemperatureT,Fig.5showsthecurveofthe
groundstatebindingenergyEbofpolaronasa
functionofthewellwidthd.Asshowninthefig-
ure,whenthewellwidthd<1nm,theground
statebindingenergyincreasesrapidlywiththein-
creaseofthewellwidth.Beyondthisrange,the
groundstatebindingenergychangeslittlewiththe
increaseofthewellwidth,indicatingthattheelec-
tronphononinteractionisweak.Inthefigure,the
ground state binding energyisanincreasing
functionoftemperature.InEq.(13),theconfined
potentialisinverselyproportionaltothesquareof
thewellwidth,thatis,theconfinedpotentialde-
creaseswiththeincreaseofthewellwidth.Inthe

·4500·

LowTemp.Phys.Lett.45,0050(2024)



expressionofthegroundstatebindingenergyof
thepolaron,theinfluenceoftheconfinedpotential
onthegroundstatebindingenergyisnegative.At
thesametime,withtheincreaseofthe well
width,theelectronphononinteractionweakens,

thatis,thegroundstateenergyofthepolaronde-
creaseswiththeincreaseofwellwidth,sothe
ground state binding energy ofthe polaron
increaseswiththeincreaseofthewellwidth.

Fig.4 Therelationshipbetweenthegroundstatebinding
energyEbandelectron-phononcouplingstrengthαatdif-
ferentvaluesoftemperatureT.

Fig.6drawsthefunctionalrelationshipcurve
betweenthegroundstatebindingenergyEbofpo-
laronandtemperatureT underdifferent well
depthsV0.Itcanbeseenfromthefigurethatthe
groundstatebindingenergyofpolaronisan
increasefunctionoftemperatureandadecreasing
functionofwelldepth.AccordingtoEq.(13),the
contributionofthewelldepthtothegroundstate
bindingenergyisnegative,sothebindingenergy
decreaseswiththeincreaseofthewelldepth.
FromFig.1toFig.6,wefindthatboththeground
stateenergyandthegroundstatebindingenergyof
the polaron are increasing functions of
temperature.Because the polarization ofthe
crystalincreaseswiththeincreaseoftemperature,

theelectronphononinteractionisenhanced.In
otherwords,withtheincreaseoftemperature,

therearemorephononsinteractingwithelectrons
intheelectroncloudaroundtheelectron.

Fig.5 Therelationshipbetweenthegroundstatebinding
energyEbandwellwidthdatdifferentvaluesoftempera-
tureT.

Fig.6 Therelationshipbetweenthegroundstatebinding
energyEbandtemperatureTatdifferentvaluesofwell
depthV0.

4 Conclusion

Theexpressionsofthegroundstateenergy
andgroundstatebindingenergyofthepolaronare
obtainedbyusingunitarytransformationandlinear
combinationoperatormethods.Theexpressionof
themeannumberphononsofpolaronisderived
theoretically.Thepolarongroundstateenergy,

groundstatebindingenergy,andmeannumber
phononsareallfunctionsofvibrationalfrequency.
Combinedwiththeexpressionofmeannumber
phononsinquantum statistical mechanics,the
functionrelationshipbetweenthegroundstateen-
ergyandgroundstatebindingenergyofpolaron
and temperature is obtained. When the
temperature takes different values, the
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relationshipbetweenthegroundstateenergyand
thegroundstatebindingenergywiththeelectron-
phononcouplingstrengthandwellwidthisdis-
cussedrespectively.Thedependenceofground
stateenergyandgroundstatebindingenergyon

temperatureisdiscussedwhenthewelldepthis
takenatdifferentvalues.Thecalculationresults
showthatboththegroundstateenergyandthe
groundstatebindingenergyofthepolaronarein-
creasingfunctionsoftemperature.
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